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Abstract 

The AdS/CFT conjecture offers the possibihty of a quantum description for a black 
hole in terms of a CFT. This has led to the study of general AdS^ type black holes with a 
view to constructing an explicit toy quantum black hole model. Such a CFT description 
would be characterized by its central charge and the dimensions of its primary fields. 
Recently the expression for the central charges {Cl,Cr) of the CFT dual to the warped 
AdS"^ have been determined using asymptotic symmetry arguments. The central charges 
depend, as expected, on the warping factor. We show that topological arguments, used 
by Witten to constrain central charges for the BTZ black hole, can be generalized to deal 
with the warped AdS^ case. Topology constrains the warped factor to be rational numbers 
while quasinormal modes are conjectured to give the dimensions of primary fields. We find 
that in the limit when warping is large or when it takes special rational values the system 
tends to Witten's conjectured unique CFT's with central charges that are multiples of 24. 
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The possibility of constructing a complete quantum theory of gravity for the 3D BTZ was 
attempted by Witten [Ij.The approach used the AdS/CFT correspondence and constructed the 
quantum theory of gravity as a CFT which had holomorphic factorization and central charges 
given by the pair (24/ci, 24^2) where ki, k2 G Z. For ki = k2 = 1, the corresponding CFT was 
conjectured to be unique. Subsequent work suggested that a pure 3D quantum gravity theory 
might not be physically sensible [2]. 
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Recently a generalization of the BTZ black hole, the warped AdS^ black hole, arose in the 
context of topologically massive gravity [3, 4, 5, 6]. Using analogies suggested by the BTZ black 
hole [7, 8], the central charges Cl, of the holomorphic and anti-holomorphic dual CFT's of 
the warped AdS^ black holes were first conjectured in [9] and later these conjectured forms of 
Cl and Cr shown to follow from a study of the asymptotic symmetry of the warped AdS''' black 
hole[10, 11]. The central charges were found to respect the gravitational anomaly constraint. 

In view of these results we study if there are topological restriction on the central charge 
for the warped AdS^ black hole, following the analysis of [9]. We note that the warped AdS^ 
system has vector type excitations present and hence is not a pure gravity theory. Following 
the analysis of Witten [1] we find that topology restricts warping to rational numbers and 
that surprisingly for large warping the associated CFT tends to a pure gravity theory. This 
follows from the observation that in this limit the central charges for the associated CFT's 
are integral multiples of 24. Such CFT's, were conjectured by Witten [1] to be unique to 
represent pure gravity theories. We next observe that, following the treatment in [12, 13], that 
the conformal weights of the associated CFT's for the warped AdS^ can also be determined 
from their quasinormal modes[14, 15, 16, 17]. Thus the associated dual CFT's are completely 
determined in terms of the warping factor and the quasinormal modes of the warped AdS^ 
black hole. 

The action for topologically massive gravity in three dimensions in terms of two Chern- 
Simons gauge theories is given by 

Seh = ^^^^^^{Ics{Al) - Ics{Ar)) (1) 
and the gravitational Chern-Simons action has the form 

Sacs = ^"-"^"" (W^l) + Ics{Ar)), , (2) 
where Iqs is the Chern-Simon action given by 

Ics{A) = ^ j d^xtr(^AAdA+'^AAAAAy (3) 

The allowed values of the coupling constants Kl,Kr get restrictions, if the gauge group is 
S0{2, l)xS0{2, 1). The BTZ black hole has the symmetry under SL{2, R)xSL{2, R). Wittcn's 
idea was to think of SL{2, R) as a double cover of the 5*0(2, 1) [l].From the fact that S0{2, 1) 
has a compact SO{2) subgroup in it, topological considerations restrict Kl, Kr values. We 
would like to investigate if Witten's restrictions are relevant for the warped ^4^5'^ black hole. 

Consider the the action 

describing topologically massive gravity in three dimension. Here the warping factor u = /x//3 
where fi is the mass and e^'^^ — +1/^^. The second term in the above is the gravitational 
Chern-Simon term -Iocs- The warped black hole with U{1) x SL{2, R) symmetry is a classical 



2 



solution to the above action which goes to warped AdS^ asymptotically [9]. The warping was 
done by constructing a fibration of AdS^ as R x SL{2, R). The resulting spacetime still has a 
constant negative curvature as AdS^ but have a very different metric. 

In order to get topological constraints we follow Witten[l] and replace SL{2, R) by S0{2, 1) 
and rewrite the above action in Eqn.(4) as a S0{2, 1) gauge theory. We find that the action 
can be written as the sum of two Chern Simon terms of opposite chirality. This immediately 
allows us to use the toplogical ideas of Witten. Wc introduce A^ — oo — *e/l, Ar = u + *e/l 
where *e = e°''^ec is a two index object in 5*0(2, 1) and cu is the spin connection. Using these 
Ai^ and Aji in Eqns.(l,2), we find 

\ f 2 1 f If 

— J d^xy/^{R +p)^ -—^ J tr*e{duj Au)- J d^x tr{*e A *e A *e). (5) 

The gravitational Chern-Simon action Iocs can be written in terms of spin connection to alone 

as / tr (l/27r)(w A doo + (l/37r)a; A w A w). 

Thus the action for warped, topologically massive gravity given is Eqn.(4) can be expressed 
in terms of the Chern-Simon action for the gauge fields A^ and Aji as 

S — Seh + Sgcs (6) 

where Seh and Sqcs are given in Eqns.(l,2). Comparing the coefficients of the above action 
with that in Eqn. (4), we get 

Kl + Kr 1 
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Kl-Kr 1 
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which gives 



(8) 



1-^2A{KL-Kn). (9) 

Exploiting the fact that the action in Eqn. (6) is expressed in terms of the Chern-Simons 
theory, Witten used the topological arguments to conclude that 

KLeZ/2, Kl-KrEZ. (10) 

Here the fact that SL{2,R) is double cover of SO{2, 1) is used. The constraints in Eqn. (10) 
along with Eqns.(7,8) imply 

^ = 24„ (11) 

/ Tfl 

— = -, n,meZ. (12) 

From the above we also get v = m/6n.Thus topology forces the warping factor to be a rational 
number. 

Warped AdS^ black hole which is asymptotic to warped AdS^ is free of naked closed time 
like curves and other pathologies arise as solution to the warped, topologically massive gravity 
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with z/^ > 1 [18, 19]. Note that although the generic structure of warped AdS^ black hole 
is very different and have reduced symmetry compared to the unwarped case, the topological 
constraints of Witten which are independent of metric are still relevant. 

We now turn to the explicit forms of C^, and Cr obtained in [9] which are 

= TO ^''^ 
_ (5z.^ + 3)/ 

- GK^2 + 3)- ^^^^ 

These results were confirmed using different approaches in [10, 11]. Furthermore, these central 
charges also obey 

Cl-Cr^ (15) 

which matched the diffeomorphism anomaly [21]. 
Using Eqns.(ll) in Eqn.(15) we find 

Cl-Cr^ -24n, neZ (16) 

which agrees with the requirement of modular invariance that the difference between the left 
and right moving ground state energies must be an integer. Substituting Eqn.(ll) in Eqn.(15) 
and using Eqns.(13,14), we find 

There are several observations one can make about Eqns. (17) and (18). Note that for the 
usual BTZ black hole in 3d gravity, Witten argued that the central charges of the left and 
right moving sectors must be of the form (24A;i, 24A;2) with ki,k2 integers. The CFT with a 
central charge 24A; with k = 1 was constructed by Frenkcl, Lcpowsky and Meurman [22] and 
conjectured to be unique. Witten suggested that this unique CFT with an associated Monster 
Group symmetry was the quantum theory of the BTZ black hole. He further conjectured that 
such unique CFT's should also exist for A; > 1 [1]. We note that the warped AdS3 black hole 
central charges tend to multiples of 24 in the limit of large warping or for special values. This 
means that in these cases the black hole system tends to a conjectured pure gravity theory with 
a unique CFT description. In these cases the central charges are of the form (24A;i, 24A;2), which 
is precisely the case considered by Witten. The special values for the warping factor for which 
this happens are: 

We also note that when u'^ » 1, ior a, fixed n, 

{Cl, Cr) (24ni, 24n2), rii = An, na = 5n. (20) 
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The large ni,n2 limit which we need to make contact with these values for central charges is 
expected to describe classical black hole. This is so as it is only for large 'quantum charges'that 
the quantum system is expected to have a classical description. In this limit all the thermo- 
dynamics quantities, S,Tl,Tr become large and classical. In general, the central charges do 
not have the (24/ci, 24^2) structure, for warped topologically massive gravity. However in these 
cases the central charges are still determined to be rational multiples of 24 with associated 
primary fields, whose dimension can be read off from the quasinormal modes that have been 
determined. It would be of interest to exploit this quantum information to carry out dynamical 
calculations. 
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Recently a generalization of the BTZ black hole, the warped AdS^ black hole, arose in the 
context of topologically massive gravity [3, 4, 5, 6]. Using analogies suggested by the BTZ black 
hole [7, 8], the central charges Cl, of the holomorphic and anti-holomorphic dual CFT's of 
the warped AdS^ black holes were first conjectured in [9] and later these conjectured forms 
of Cl and Cr shown to follow from a study of the asymptotic symmetry of the warped AdS^ 
black hole[10, 11, 12, 13]. The central charges were found to respect the gravitational anomaly 
constraint. 

In view of these results we study if there are topological restriction on the central charge 
for the warped AdS^ black hole, following the analysis of [9]. We note that the warped AdS^ 
system has vector type excitations present and hence is not a pure gravity theory. Following 
the analysis of Witten [1] we find that topology restricts warping to rational numbers and 
that surprisingly for large warping the associated CFT tends to a pure gravity theory. This 
follows from the observation that in this limit the central charges for the associated CFT's 
are integral multiples of 24. Such CFT's, were conjectured by Witten [1] to be unique to 
represent pure gravity theories. We next observe that, following the treatment in [14, 15], that 
the conformal weights of the associated CFT's for the warped AdS^ can also be determined 
from their quasinormal modes[16, 17, 18, 19]. Thus the associated dual CFT's are completely 
determined in terms of the warping factor and the quasinormal modes of the warped AdS^ 
black hole. 

The action for topologically massive gravity in three dimensions in terms of two Chern- 
Simons gauge theories is given by 

Seh = ^^^^^^{Ics{Al) - Ics{Ar)) (1) 
and the gravitational Chern-Simons action has the form 

Sgcs = ^^^^^^{Ics{Al) + IcsiAn)), , (2) 
where Ics is the Chern-Simon action given by 

Ics{A) ^ ^ j d^xtr(^AAdA+'^AAAAAy (3) 

The allowed values of the coupling constants Kl,Kr get restrictions, if the gauge group is 
S0{2, 1) x50(2, 1). The BTZ black hole has the symmetry under SL{2, R)xSL{2, R). Witten's 
idea was to think of SL{2, i?) as a double cover of the S0{2, 1) [l].From the fact that 5*0(2, 1) 
has a compact SO{2) subgroup in it, topological considerations restrict Kl,Kr values. We 
would like to investigate if Witten's restrictions are relevant for the warped AdS^ black hole. 

Consider the the action 

^=16^/ "'^^(^ + f' + / "'-^^""rj, (s.r-, + It: A) (4) 

describing topologically massive gravity in three dimension. Here the warping factor u = /i//3 
where /i is the mass and e^'^^ — +1/^/^. The second term in the above is the gravitational 
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Chern-Simon term -Iocs- The warped black hole with U{1) x SL{2, R) symmetry is a classical 
solution to the above action which goes to warped AdS^ asymptotically [9]. The warping was 
done by constructing a fibration of AdS^ as R x SL(2, R). The resulting spacetime still has a 
constant negative curvature as AdS^ but have a very different metric. 

In order to get topological constraints we follow Witten[l] and replace SL{2, R) by 5*0(2, 1) 
and rewrite the above action in Eqn.(4) as a SO{2, 1) gauge theory. We find that the action 
can be written as the sum of two Chern Simon terms of opposite chirality. This immediately 
allows us to use the toplogical ideas of Witten. We introduce A^ = u — *e//, A^ = 00 + *e/l 
where *e = e'^^'^Cc is a two index object in 50(2, 1) and uj is the spin connection. Using these 
Al and Ar in Eqns.(l,2), we find 

\ r 2 1 r If 

— J d^xy/^{R +p)^ -—^ J tr*e{duj Au)- J d^x tr{*e A *e A *e). (5) 

The gravitational Chern-Simon action Iocs can be written in terms of spin connection oj alone 

as / tr {1/2'k){u Adu + {l/3n)u; Au Au). 

Thus the action for warped, topologically massive gravity given is Eqn.(4) can be expressed 
in terms of the Chern-Simon action for the gauge fields A^ and Aji as 

S — Seh + Sgcs (6) 

where Seh and Sqcs are given in Eqns.(l,2). Comparing the coefficients of the above action 
with that in Eqn. (4), we get 

Kl + Kr 1 



27tI 16nG 
Kl-Kr 1 
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which gives 



(8) 



1- = 2A{Kj^-Kr). (9) 

Exploiting the fact that the action in Eqn. (6) is expressed in terms of the Chern-Simons 
theory, Witten used the topological arguments to conclude that 

XieZ/2, KL-KneZ. (10) 

Here the fact that SL{2,R) is double cover of 50(2, 1) is used. The constraints in Eqn. (10) 
along with Eqns.(7,8) imply 



24n (11) 



O^ 

1 Til 

— = -, n,meZ. (12) 

From the above we also get u = m/6n.Thus topology forces the warping factor to be a rational 
number. 
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Warped AdS^ black hole which is asymptotic to warped AdS"^ is free of naked closed time 
like curves and other pathologies arise as solution to the warped, topologically massive gravity 
with i/^ > 1 [20, 21]. Note that although the generic structure of warped AdS^ black hole 
is very different and have reduced symmetry compared to the unwarped case, the topological 
constraints of Witten which are independent of metric are still relevant. 

We now turn to the explicit forms of Cl and Cr obtained in [9] which are 

^ G{X+ 3) ^^^^ 
_ + 3)1 

- Guiu^ + Sy ^^^^ 

These results were confirmed using different approaches in [12, 13]. Furthermore, these central 
charges also obey 

Cl-Cr^ (15) 

which matched the diffeomorphism anomaly [2 3]. 

Using Eqns.(ll) in Eqn.(15) wc find 

Cl-Cr^ -24n, neZ (16) 

which agrees with the requirement of modular invariance that the difference between the left 
and right moving ground state energies must be an integer. Substituting Eqn.(ll) in Eqn.(15) 
and using Eqns.(13,14), we find 

= (^) . (17) 

There are several observations one can make about Eqns. (17) and (18). Note that for the 
usual BTZ black hole in 3d gravity, Witten argued that the central charges of the left and 
right moving sectors must be of the form (24/ci, 24/^2) with ki,k2 integers. The CFT with a 
central charge 24A; with k — 1 was constructed by Prenkel, Lepowsky and Meurman [24] and 
conjectured to be unique. Witten suggested that this unique CFT with an associated Monster 
Group symmetry was the quantum theory of the BTZ black hole. He further conjectured that 
such unique CFT's should also exist for A; > 1 [1]. We note that the warped AdS^ black hole 
central charges tend to multiples of 24 in the hmit of large warping or for special values. This 
means that in these cases the black hole system tends to a conjectured pure gravity theory with 
a unique CFT description. In these cases the central charges are of the form (24/ci, 24/c2), which 
is precisely the case considered by Witten. The special values for the warping factor for which 
this happens are: 

= , . (19) 

We also note that when i/^ >> 1, for a fixed n, 

{Cl, Cr) ^ (24ni, 24n2), ni = 4n, n2 = 5n. (20) 
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The large ni,n2 limit which we need to make contact with these values for central charges is 
expected to describe classical black hole. This is so as it is only for large 'quantum charges'that 
the quantum system is expected to have a classical description. In this limit all the thermo- 
dynamics quantities, S,Tl,Tr become large and classical. In general, the central charges do 
not have the (24/ci, 24^2) structure, for warped topologically massive gravity. However in these 
cases the central charges are still determined to be rational multiples of 24 with associated 
primary fields, whose dimension can be read off from the quasinormal modes that have been 
determined. It would be of interest to exploit this quantum information to carry out dynamical 
calculations. 
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